We use the SmallGroups Library to find the finite subgroups of U (3) of order smaller than 512 which possess a faithful three-dimensional irreducible representation. From the resulting list of groups we extract those groups that can not be written as direct products with cyclic groups. These groups are important building blocks for models based on finite subgroups of U (3). All resulting finite subgroups of SU (3) can be identified using the well known list of finite subgroups of SU (3) derived by Miller, Blichfeldt and Dickson at the beginning of the 20 th century. Furthermore we prove a theorem which allows to construct infinite series of finite subgroups of U (3) from a special type of finite subgroups of U (3). This theorem is used to construct some new series of finite subgroups of U (3). The first members of these series can be found in the derived list of finite subgroups of U (3) of order smaller than 512. In the last part of this work we analyse some interesting finite subgroups of U (3), especially the group S 4 (2) ∼ = A 4 ⋊ Z 4 , which is closely related to the important
I Introduction
The problem of lepton masses and mixing (more generally the fermion mass and mixing problem) is one of the most interesting current research topics of particle physics and withstood a solution for decades. Invariance of the Lagrangian under finite family symmetry groups constitutes an interesting possibility, at least for a partial solution of this problem.
In 2002 Harrison, Perkins and Scott suggested the tribimaximal lepton mixing matrix [1] 
which is in agreement with the current experimental bounds on the lepton mixing matrix [2] . The nice appearance of this matrix induced the idea of an underlying symmetry in the Lagrangian of the lepton and scalar sector. A large number of models involving especially discrete symmetries followed. For a review of today's state of the art in model building see [3] .
Due to the fact that there are three known families of leptons (and quarks) models based on finite subgroups of U(3) have become very popular, so a systematic analysis of the finite subgroups of U (3) would provide an invaluably helpful tool for model building with finite family symmetry groups. Unfortunately the finite subgroups of U(3) have, to our knowledge, not been classified by now, while the finite subgroups of SU(3) have been classified already at the beginning of the 20 th century by Miller, Blichfeldt and Dickson [4] .
The idea of a systematic analysis of finite subgroups of SU(3) in the context of particle physics is not new [5, 6, 7, 8] , and research on the application of finite groups in particle physics (especially finite subgroups of SU (3)) continues unabated [9, 10, 11, 12, 13, 14, 15, 16] .
II The finite subgroups of U(3) of order smaller than 512
In this work we want to concentrate on the finite subgroups of U(3). We will use both the analytical tools of group theory as well as the modern tool of computer algebra to investigate the finite subgroups of U(3) up to order 511.
II.1 Classification of finite subgroups of U (3)
At first let us consider the different types of finite subgroups of U(3) we will distinguish. Knowing that every representation of a finite group is equivalent to a unitary representation we find:
A finite group G is isomorphic to a finite subgroup of U(3) if and only if it possesses a faithful three-dimensional representation.
Thus, if we would search for all finite groups which fulfil the above properties, we would obtain all finite subgroups of U(3), especially we would obtain all finite subgroups of U (1) and U(2) too. When we usually speak of "finite subgroups of U(3)" we primarily mean those finite subgroups of U(3) which are not finite subgroups of U(1) and U (2) . At this point it is important to notice that the possession of a faithful 3-dimensional irreducible representation is sufficient but not necessary for a group to be a finite subgroup of U (3) 1 . In fact there are many finite subgroups of U(3) which possess a faithful 3-dimensional reducible representation but do not possess any faithful 1-or 2-dimensional representations. According to [17] these groups correspond to finite subgroups of U(2) × U (1) . Though doing so we will miss the U(2) × U(1)-subgroups mentioned above, we will in this work specialise to the finite subgroups of U(3) which possess a faithful 3-dimensional irreducible representation. Among these groups we can differentiate
• groups which have a faithful irreducible representation of determinant 2 1 (SU(3)-subgroups) and
• groups which don't have a faithful irreducible representation of determinant 1.
An analysis similar to the one performed in this work can be found in [17] , where all finite groups up to order 100 are listed. The list given in [17] especially indicates which groups of order up to 100 possess 3-dimensional faithful representations (both reducible and irreducible).
II.2 The computer algebra system GAP and the SmallGroups Library
The task of classifying all finite groups which have a faithful three-dimensional irreducible representation would need an analysis using the techniques described in [4] applied to U (3) . Instead of doing that, we want to get a first impression of the finite subgroups of U(3) by searching for U(3)-subgroups of small orders with the help of the computer algebra system GAP [18] . Through the SmallGroups package [19] GAP allows access to the SmallGroups Library [19, 20] which contains, among other finite groups, all finite groups up to order 2000, except for the groups of order 1024, up to isomorphism.
The way finite groups are labeled in the SmallGroups Library is the following: Let there be n non-isomorphic groups of order g, then these n groups are labeled by their order g and a number j ∈ {1, ..., n}:
〚g, j〛 denotes the j−th finite group of order g (j ∈ {1, ..., n}) listed in the SmallGroups Library.
The way in which the n non-isomorphic groups of a given order g are arranged in the SmallGroups Library depends on g. For a detailed description of the SmallGroups Library we refer the reader to chapter 48.7 of the GAP reference manual [18] . For our purpose we only need to know that 〚g, j〛 is not isomorphic to 〚g, k〛 if j = k. To all "small groups" 〚g, j〛 listed in this paper the reader can find the common name or a list of generators in tables 4 and 5, respectively. Let us now get a picture of the number of finite groups of some given order. Figure 1 shows the total number N(g) of non-Abelian groups of order ≤ g. From figure 1 one can immediately deduce that the number of finite groups of order g is usually very high if g contains high powers of 2. Therefore there are high "jumps" in N(g) at g = 2 8 = 256 and g = 3 × 2 7 = 384.
Indeed a much larger "jump" occurs at g = 512: N(511) = 91774, while there are 10494213 groups of order 512 [19] of which only 30 are Abelian 3 . If we want to analyse groups with faithful 3-dimensional irreducible representations only, we don't need to consider groups of order 512 due to the following theorem:
II.1 Theorem. Let D be an irreducible representation of a finite group G, then the dimension dim(D) of D is a divisor of the order ord(G) of G.
The proof of this theorem can be found in textbooks on finite group theory, see for example [22] p. 176f. or [23] p. 288f. Note that theorem II.1 tells us that the order of any group which possesses a 3-dimensional irreducible representation must be divisible by 3. This implies that the groups of order 512 do not possess 3-dimensional irreducible representations (but there could be groups of order 512 which possess faithful 3-dimensional reducible representations). In this work we will analyse all groups of order up to 511. From tables 4 and 5, which show our results, one can find that the orders of all groups we have found are indeed divisible by 3.
II.3 Extraction of finite subgroups of U (3) from the SmallGroups Library
Using GAP the determination of the finite subgroups of U(3) from the SmallGroups Library is not difficult. GAP offers the opportunity to calculate the character tables 4 as well as all irreducible representations of a given "small group" 〚g, j〛. Using criterion II.2 one can immediately deduce the dimensions of the faithful irreducible representations of a "small group" using its character table. If the analysed group has a three-dimensional faithful irreducible representation it is a finite subgroup of U (3) 5 . By explicit construction of the irreducible representations 6 one can determine the U(3)-subgroups which have a faithful three-dimensional irreducible representation of determinant 1 (SU(3)-subgroups).
II.2 Criterion. Let D be a d-dimensional representation of a finite group G. Then D is non-faithful if and only if D has more than one character d in the character table.
The proof of criterion II.2 can be found in appendix A.1.
Let us, in this paper, choose the following convention: Let G be a finite group. We say that "G can not be written as a direct product with a cyclic group" if there does not exist a group F and an m > 1 such that
Before we list the results let us finally divide the obtained groups into another two sets, namely
• groups that can be written as direct products with cyclic groups and
• groups that can not be written as direct products with cyclic groups. 4 We use the GAP command CharacterTable(.) to calculate the character table of a group. 5 Please note that this is sufficient, but not necessary [17] . Here we specialise onto the finite subgroups of U (3) which possess a faithful 3-dimensional irreducible representation. 6 We use the GAP command IrreducibleRepresentations(.) to calculate the irreducible representations of a group.
Since the labeling of the irreducible representations computed with IrreducibleRepresentations(.) does not necessarily agree with the labeling of CharacterTable(.), we use the commands Image(.) and Order(.) to find the faithful irreducible representations of the group under consideration.
How can we determine whether a "small group" can be written as a direct product with a cyclic group? The GAP command StructureDescription(.) gives the basic structure of a group, especially it tells us whether a group can be written as a direct product with a cyclic group. Let us clarify this with two examples: gap>StructureDescription(SmallGroup( [12, 3] )); "A4" gap>StructureDescription(SmallGroup( [24, 13] )); "C2 x A4" So GAP tells us that the group 〚12, 3〛 is isomorphic to A 4 , and that 〚24, 13〛 is isomorphic to Z 2 × A 4 , i.e. it is a direct product with a cyclic group.
How are the groups that can be written as direct products with cyclic groups related to the groups which can not be written as direct products with cyclic groups? The answer is provided by theorem II.3.
II.3 Theorem. Let G be a finite group with an m-dimensional faithful irreducible representation D. Let C be the center of G, ord(C) = c and let gcd(n, c) be the greatest common divisor of n, c ∈ AE\{0}.
Then Z n × G has a faithful m-dimensional irreducible representation if and only if gcd(n, c) = 1.
The proof of this theorem can be found in appendix A.2. Theorem II.3 implies that we can construct all finite groups which have a faithful three-dimensional irreducible representation from all finite groups which have a faithful three-dimensional irreducible representation and can not be written as direct products with cyclic groups.
Let us consider the following examples:
1. The group A 4 ∼ = 〚12, 3〛 has center C = {e}. ⇒ c = ord(C) = 1, thus n ∈ AE\{0} and c = 1 have no common divisor d = 1. Therefore all direct products
have three-dimensional faithful irreducible representations. Among these direct products only Z 3 × A 4 will have a faithful three-dimensional irreducible representation of determinant 1 (det(ω
2. The group ∆(27) ∼ = 〚27, 3〛 has center C ∼ = Z 3 . ⇒ c = ord(C) = 3, thus n ∈ AE\{3k|k ∈ AE} and c = 3 have no common divisor d = 1. Therefore all direct products Z n × ∆ (27) , n ∈ AE\({3k|k ∈ AE} ∪ {1}) have faithful three-dimensional irreducible representations. None of these groups has a three-dimensional faithful irreducible representation of determinant 1.
In the results we will only list groups that can not be written as direct products with cyclic groups. From these groups all other groups can be constructed using theorem II.3. The results obtained from the SmallGroups Library are in perfect agreement with theorem II.3.
II.4 Results

II.4.1 Generators
In tables 1 and 2 we list all matrices needed to generate the finite subgroups of U(3) of order smaller than 512.
Generators of determinant 1 Table 1 : Generators of finite subgroups of SU (3) .
Generators for groups of determinant unequal 1 Following [4, 5] all non-Abelian finite subgroups of SU(3) which have a faithful threedimensional irreducible representation can be cast into one of the types 7 listed in table 3.
To our knowledge only one series of finite subgroups of U(3) (determinant = 1) is known by now, namely Σ(3N 3 ), (N ∈ {3k|k ∈ AE\{0, 1}}), which has been published recently by Ishimori et al. in [16] . A well known member of Σ(3N 3 ) is Σ(81) [29, 35] .
II.4.2 The finite subgroups of SU(3) of order smaller than 512
In table 4 we list the finite groups of order smaller than 512 that can not be written as direct products with cyclic groups and that have a faithful three-dimensional irreducible representation of determinant 1.
7 Note that for some choices of n, a, b, d, r, s the three-dimensional representations of C(n, a, b), D(n, a, b; d, r, s) given here could be reducible or lead to direct products with cyclic groups, so not all values of the parameters are allowed.
The allowed values for n in T n are products of powers of primes of the form 3k + 1, k ∈ AE. Please note furthermore that T n is in general not unique. The equation (1 + a + a 2 ) mod n = 0 may have more than one solution, which can lead to non-isomorphic groups T n with the same n. There are for example two non-isomorphic groups T 91 in table 4.
Group
Generators
References [5, 6, 12, 14] 4, 5, 11, 14, 24] Table 3 : Types of finite subgroups of SU(3) [4, 5] . 6, 7, 8, 14, 28, 29] 4, 5, 11, 14, 24, 26] 
Σ(168) 1 [4, 11, 14, 34] Table 4 : The finite subgroups of SU(3) of order smaller than 512. 〚g, j〛 denotes the SmallGroups number and ord(C) denotes the order of the center of the group.
II.4.3 The finite subgroups of U(3) of order smaller than 512
In table 5 we list the finite groups of order smaller than 512 that can not be written as direct products with cyclic groups and that have a faithful three-dimensional irreducible representation of determinant unequal 1.
The generators of these groups were taken from the list of faithful three-dimensional irreducible representations constructed with GAP (see footnote 6 on page 5). For most groups GAP constructed unitary representations. For the groups where GAP did not give a unitary representation we constructed a unitary representation in the following way: Let D be an n-dimensional representation of a group G and let {v j |j = 1, ..., n} be an orthonormal basis of n with respect to the scalar product
where (x, y) := x † y is the standard scalar product on n . Then if we define T := (v 1 , ..., v n ), the representation T −1 DT is unitary with respect to (. , .) . Usually this construction is used to prove that every representation of a finite group is equivalent to a unitary representation. The power of modern computer algebra systems allows us to explicitly calculate the scalar product ., . and to construct T by Gram-Schmidt orthogonalisation. In this way the unitary generators X 1 , ..., X 10 were obtained. 21, 5, 10, 13) , R (21, 3, 20, 5) 
R (9, 4, 7, 4) ,
R (9, 4, 7, 1) , R (9, 8, 5, 2) , R(9, 6, 3, 0) 9 18, 4, 5, 5) , R(9, 0, 5, 5) 9 〚108, 11〛 ∆(6 × 3 2 , 2) S (12, 5, 9, 1) , T (12, 3, 7, 11) , U (12, 1, 9, 5) 6 〚108, 19〛 R(18, 4, 7, 1) , R(9, 4, 7, 1) 3 12, 7, 8, 5) , R (12, 6, 4, 10) 
S (9, 4, 7, 4) , 7, 11, 20) R (21, 5, 17, 6) , R (21, 3, 13, 12) 24, 3, 11, 19) , T (24, 21, 13, 5) , U(24, 17, 9, 1) 12
V (27, 5, 14, 5) , W (27, 2, 2, 11) 9 〚243, 20〛 V (27, 5, 23, 5) , W (27, 2, 2, 20) 9 〚243, 24〛 R (27, 5, 13, 22) , R (27, 9, 26, 17) 27
R (27, 5, 23, 14) , V (27, 11, 20, 2) , V (27, 17, 17, 17) 27 7, 20, 35) , R(93, 45, 40, 70) 3 〚300, 13〛 ∆(6 × 5 2 , 2) S (20, 1, 9, 5) , T (20, 15, 19, 11) 54, 10, 17, 17) , R (27, 0, 17, 17) 27 〚324, 13〛 S(12, 3, 7, 3) , T (12, 1, 1, 9) 6 〚324, 15〛 S (36, 1, 13, 1) , T (36, 23, 23, 11) 6 〚324, 17〛 S(36, 1, 25, 1) , T (36, 35, 35, 11) 6 〚324, 43〛 R(54, 10, 19, 1) , R(54, 20, 38, 2) 9
R (18, 4, 17, 5) , R (9, 3, 8, 5) 9 〚324, 49〛 R (18, 4, 13, 7) , R(9, 4, 4, 7) 3 〚324, 51〛 R (18, 4, 13, 13) , R (9, 7, 4, 4) 36, 1, 25, 13) , T (36, 29, 5, 17) , U (36, 35, 11, 23) 18
R (18, 4, 7, 1) , R (9, 4, 7, 1) , R (18, 8, 17, 17) R (36, 1, 22, 25) , 12, 7, 5, 3) , T (12, 9, 5, 7) , U(12, 9, 1, 11) 6 〚432, 273〛 X 9 , X 10 12 〚441, 1〛 R (147, 94, 125, 26) , R(147, 90, 103, 52 21, 1, 8, 5) , R (21, 9, 16, 10) 3 〚468, 14〛 R(78, 2, 19, 31), R(39, 15, 19, 31) 
S (27, 5, 14, 5) , T (27, 19, 19, 10) 9 〚486, 28〛 S (27, 5, 23, 5) , T (27, 1, 1, 10) 9 〚486, 125〛 S(9, 2, 5, 2), T (9, 7, 7, 4) , 27, 5, 14, 23) , T (27, 7, 25, 16) , U(27, 19, 10, 1) 27 Table 5 : The finite subgroups of U(3) (which are not finite subgroups of SU (3)) of order smaller than 512.
II.4.4 Numerical consistency check of the obtained results.
The results listed in sections II.4.2 and II.4.3 are based on the computer algebra system GAP [18] and the SmallGroups Library [19, 20] . As already mentioned, our results are in perfect agreement with theorem II.3, which is the reason we did not list groups that can be written as direct products with cyclic groups. Furthermore all finite subgroups of SU(3) listed in table 4 could be cast into one of the types listed in [4, 5] (see table 3 ). In order not to rely on GAP and the SmallGroups Library only we developed a program (in the programming language C) which performs the following tasks:
1. Given the generators (as 3×3-matrices) of a finite group G it numerically 8 constructs all group elements in the defining representation D. An example for an algorithm for this purpose can be found in [14] . The program uses the data type "double" for the real and imaginary parts of the matrix elements, respectively. An important subroutine of the program is to determine whether two matrices are equal. We decided to use the following criterion: Two matrices A and B are to be regarded as equal by the program if
Using the program the orders of all groups listed in tables 4 and 5 were verified (more precise: not falsified) numerically. In addition the orders of these groups were checked analytically using GAP. 
D is irreducible if and only if (χ D , χ D ) G = 1 [26] , which can easily be tested numerically. Again we regard the representation D as irreducible if
In this sense the irreducibility of all defining representations of the groups listed in tables 4 and 5 was verified (more precise: not falsified) numerically.
Please note that the numerical analysis described above can of course not prove the correctness of the results listed in tables 4 and 5. Note furthermore that we do not, in any sense, claim that the lists 4 and 5 are complete.
III Construction of some series of finite subgroups of U (3).
The following theorem will allow us to construct some new infinite series of finite subgroups of U (3) that have a faithful 3-dimensional irreducible representation and can not be written as a direct product with a cyclic group.
III.1 Theorem. Let G = H ⋊ Z n be a finite group with the following properties 9
1. G has a faithful m-dimensional irreducible representation D.
2. n is prime.
3. The center of G is of order c = n with c prime or c = 1.
4. G can not be written as a direct product with a cyclic group.
Let furthermore A 1 , ..., A a be generators of D(H) and let B be a generator of D(Z n ). Then the group
(which by construction has a faithful m-dimensional irreducible representation) can not be written as a direct product with a cyclic group if and only if
III.2 Theorem. Let G = H ⋊ Z n be a finite group fulfilling the properties 1.-4. of theorem III.1. Then the center of
is given by
The proofs of these theorems can be found in appendix A.3. Let us now use theorem III.1 to construct some infinite series of finite subgroups of U(3). 9 We use the following notation for the semidirect product of two groups A and B: G = A ⋊ B ⇒ A is a normal subgroup of G and there exists a homomorphism φ : B → Aut(A). The product is defined by (a, b)(a ′ , b ′ ) = (aφ(b)a ′ , bb ′ ). 10 The symbol ... means "generated by".
III.1 The group series T n (m)
The groups T n [6, 7, 8, 14] have the structure
where n is a prime of the form 3k + 1. Since the center of T n is trivial we can apply theorem III.1 to find (for every T n ) an infinite series of finite subgroups of U(3)
where (1 + a + a 2 ) mod n = 0, m ∈ AE\{0}. Theorem III.2 tells us that the center of
III.2 The group series ∆(3n
, m)
The group ∆(3n 2 ) has the structure [6, 10] ∆(3n
and it has trivial center if gcd(n, 3) = 1 [10] . In the other cases one finds c = 3, and theorem III.1 can not be applied.
Thus we find the following series of finite subgroups of U (3):
where n ∈ {k ∈ AE| gcd(3, k) = 1, k > 1}, m ∈ AE\{0}.
III.3 The group series S 4 (m)
The group S 4 is a semidirect product of A 4 (which is generated by the even permutations (14) (23) and (123)) and Z 2 (generated by the odd permutation (23)). Since S 4 possesses a faithful three-dimensional irreducible representation and its center is trivial theorem III.1 leads to the following series of finite subgroups of U (3):
A faithful three-dimensional irreducible representation of S 4 can be obtained by reduction of the four-dimensional representation
which leads to III. 4 The group series ∆(6n
The group ∆(6n 2 ) has the structure [6, 12] (Z n × Z n ) ⋊ S 3 (15) and its presentation is given by [12] 
(semidirect product).
This presentation can easily be rearranged to a presentation of
in the following way:
(semidirect product with Z 2 ).
The center of ∆(6n 2 ) ∼ = ∆(3n 2 ) ⋊ Z 2 is given by the center of ∆(3n 2 ), which can be of order 1 or 3. Thus we can apply theorem III.1 to construct new series of finite subgroups of U(3).
A faithful three-dimensional irreducible representation of ∆(6n
2 ) is given by [12] a → where η = e 2πi/n and n ∈ AE\{0, 1}.
There are two possibilities:
• gcd(3, n) = 1 ⇒ The center of ∆(6n 2 ) is trivial, which leads to the group series
n ∈ {k ∈ AE| gcd(3, k) = 1, k > 1}, m ∈ AE\{0}. This series contains S 4 (m) = ∆(6 × 2 2 , m) as a subseries.
• gcd(3, n) = 3 ⇒ The center of ∆(6n 2 ) is of order 3, which leads to the group series
n ∈ {k ∈ AE| gcd(3, k) = 3}, j, k ∈ AE\{0}.
IV Analysis of two interesting finite subgroups of U (3)
IV. 1 The group 〚27, 4〛
The group 〚27, 4〛 is the smallest group listed in table 5. It is generated by A much simpler set of generators is given by
which is a generating set, because (SR) 5 = A and R(SR) −5 = B. From the generators R and S given in equation (19) we find that
Due to the semidirect product structure (especially using the fact that every element of 〚27, 4〛 can be written in the form ω x R y S z ) the derivation of the conjugacy classes is straight forward. One finds eleven conjugacy classes
The nontrivial normal subgroups are found to be
〚27, 4〛 (1) (1) (1) (3) (3) (3) (3) (3) (3) (3) (3) Since there are eleven conjugacy classes there must be eleven inequivalent irreducible representations. These are the nine one-dimensional irreducible representations of the factor group R, S / ω½ 3 ∼ = Z 3 × Z 3 , the defining representation and its complex conjugate:
The character table of 〚27, 4〛 is shown in table 6.
The tensor products are given by
The corresponding invariant subspaces are given by
V 3⊗3 * →1 (0,1) = Span e 1 ⊗ e 2 + e 2 ⊗ e 3 + ω 2 e 3 ⊗ e 1 , (25e)
V 3⊗3 * →1 (1, 0) = Span e 1 ⊗ e 1 + ωe 2 ⊗ e 2 + ω 2 e 3 ⊗ e 3 , (25g)
Since the defining representations of 〚27, 4〛 and ∆ (27) differ by phase factors only, e 2πi/9 R, S ∼ = ∆ (27), (26) all Clebsch-Gordan coefficients for corresponding tensor product decompositions are equal. The structure of 〚27, 4〛 ∼ = Z 9 ⋊Z 3 is very similar to the structure of ∆(27) ∼ = (Z 3 ×Z 3 )⋊Z 3 . Though these groups are not isomorphic they share the nine one-dimensional irreducible representations as well as the character table (except for the values of ord(C k )). The character table of ∆ (27) can be found in [25, 32] . Since the character tables of 〚27, 4〛 and ∆ (27) are equal, all tensor products are equal. Since also the Clebsch-Gordan coefficients are equal we find that, from the point of view of model building, ∆ (27) and 〚27, 4〛 are equivalent.
IV.2 The group S
The group S 4 ∼ = A 4 ⋊ Z 2 has been commonly used in model building, and especially in the last years interest in S 4 began to increase [30, 36, 37, 38] . Therefore the group S 4 (2), which is a relative of S 4 , may be of interest. From subsection III.3 we know the structure 27) and generators of a faithful three-dimensional irreducible representation of S 4 (2): 
S 4 possesses five conjugacy classes C i . The classes of S 4 (2) differ from C i by the element C 2 = −½ 3 only, thus one finds ten conjugacy classes of S 4 (2):
The nontrivial normal subgroups of S 4 (2) are given by
Since
we find that all irreducible representations of S 4 are irreducible representations of S 4 (2) too. By construction A 4 is an invariant subgroup of S 4 (2), thus all irreducible representations of Z 4 ∼ = S 4 (2)/A 4 are irreducible representations of S 4 (2) too. They are given by:
We will now construct the irreducible representations of S 4 : Since S 4 /A 4 ∼ = Z 2 we obtain two one-dimensional irreducible representations
which are irreducible representations of Z 4 also. Multiplying these one-dimensional representations with the defining representation of S 4 we obtain the two three-dimensional irreducible representations of S 4 :
The missing two-dimensional irreducible representation can be obtained in the following way: The Klein four-group Z 2 × Z 2 is an invariant subgroup of S 4 :
Therefore all irreducible representations of S 3 ∼ = S 4 /(Z 2 × Z 2 ) are irreducible representations of S 4 too. This has also been pointed out in [37] . Assuming that Z 2 × Z 2 given in equation (34) is mapped onto ½ 3 one can easily construct the three-dimensional reducible
T is a common eigenvector of B and −iC to the eigenvalue 1. This enables reduction via
Thus the two-dimensional irreducible representation of S 4 is given by
The irreducible representations of S 4 (2) are thus given by
The extension of this analysis to S 4 (m) is easy -one just needs to take the irreducible representations of S 4 (m)/A 4 ∼ = Z 2 m and multiply them with the irreducible representations of S 4 to obtain all irreducible representations of S 4 (m).
From this it is clear that also all tensor product decompositions and corresponding invariant subspaces have the same structure as those of S 4 . All 3 ⊗ 3-tensor products can be constructed from the 3 ⊗ 3-tensor product
of S 4 by multiplication with one-dimensional irreducible representations of S 4 (2). The corresponding invariant subspaces for the Clebsch-Gordan decomposition (38) are spanned by the following vectors [14] :
Let us finally investigate the differences between the symmetry groups S 4 and S 4 (2) from the physical point of view.
Let us as an example consider a field theory describing seven real scalar fields arranged in the following S 4 (2)-multiplets:
The Lagrangian
is invariant under this transformation, while
clearly is not. L 2 can not be forbidden in a pure S 4 -theory (allowing L 1 ), because for this issue one needs the Z 4 -representation 1 3 of S 4 (2), which is not contained in S 4 . Another group based on S 4 containing the needed Z 4 -representation is S 4 × Z 4 . The 20 irreducible representations of S 4 × Z 4 are given by (j = 0, 1, 2, 3):
From equations (43) 
invariant under the action of a symmetry group G:
where D j are representations of G. The Lagrangians L j are assumed to fulfill the following properties:
• L j is invariant under the action (45) of G.
• L j can not be split up into two "smaller" Lagrangians being invariant under G themselves
11 . More precise: ∃k ∈ AE such that ∀α ∈ U(1) :
The construction of an invariant Lagrangian (44) can then be split up into two steps:
1. L j must transform as one-dimensional representations of G. In this language the problem of the relation between S 4 (2) and S 4 ×Z 4 can be reformulated as follows: Suppose a Lagrangian L invariant under the action of S 4 (2) is given. Since the irreducible representations of S 4 (2) and S 4 × Z 4 differ by phase factors only, we find that point 1. stated above is fulfilled automatically. We can now replace any irreducible representation D i of S 4 (2) containing elements of the form "real matrix times ±i" by the corresponding irreducible representation of S 4 × Z 4 containing all four elements of the 11 E.g. L(η) = η 2 + η 4 is invariant under Z 2 : η → −η, but it can be split up into the two "smaller"
center. In this case all Lagrangians L j will remain invariant, because in order to construct L j invariant under S 4 (2) one already had to take care of the phase factor i contained in the element C of S 4 (2). Thus from the point of view of invariant Lagrangians (which is the interesting point of view for physics), S 4 × Z 4 and S 4 (2) are equivalent.
In this section we have analysed two interesting finite subgroups of U (3). It turned out that in the case of these two groups it is possible to find (in the case of 〚27, 4〛) a finite subgroup of SU (3) or (in the case of S 4 (2)) a direct product of a finite subgroup of SU (3) with a cyclic group which is equivalent to the U(3)-subgroup from the physical point of view, i.e. which allows the same Lagrangians. The question remains whether this is true in general.
V Conclusions
In this work we used the SmallGroups Library [19, 20] to find the finite subgroups of U (3) of order smaller than 512. Using the computer algebra system GAP it was possible to construct generators for all these groups.
Inspired by the results (see tables 4 and 5) of this analysis we developed the two theorems III.1 and III.2 which led to the discovery of the series of finite subgroups of U (3) T n (m), ∆(3n
In the last part of this work we analysed the groups 〚27, 4〛 ∼ = Z 9 ⋊Z 3 and S 4 (2) ∼ = A 4 ⋊Z 4 in more detail. It turned out that, from the physical point of view, 〚27, 4〛 is equivalent to the SU(3)-subgroup ∆(27) and S 4 (2) is equivalent to S 4 × Z 4 . We closed our discussion with the open question whether this scheme holds true for all finite subgroups of U(3).
We hope that this work will shed some light onto the structures of the finite subgroups of U(3), which may be as important in the context of particle physics as the well known finite subgroups of SU(3).
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A Proofs
A.1 Proof of criterion II. 
After all we find: If D is non-faithful there must be more than one element mapped onto ½ d , which is equivalent to the fact that there is more than one character d of D in the character table.
A.2 Proof of theorem II.3
A.1 Proposition. Let a, b ∈ AE\{0}, and let gcd(a, b) be the greatest common divisor of a and b. Then
Proof. In this proof we represent
⇒: Z a ∩ Z b = {1}. Suppose gcd(a, b) > 1, and let lcm(a, b) denote the lowest common multiple of a and b.
A.2 Corollary. Let a, b ∈ AE\{0}, then
Proof. α := e 
and from proposition A.1:
Proof of theorem II.3. Let us represent Z n as Z n = {1, a, a 2 , ..., a n−1 }, where a = e 2πi/n . From proposition A.1 we know that
is a faithful representation of Z n ×G. It remains to show the irreducibility of D. Remember that a representation R of H is irreducible if and only if (χ R , χ R ) H = 1 (see equation (5) and explanations there).
A. 
be a representation of the unit element in terms of generators. The number x[P ] of factors B contained in the product P can be defined by
for some δ ∈ U(1), δ n = 1 ∀n ∈ AE\{0}. Let M be the set of all products P fulfilling equation (50). We can now define s to be the smallest positive number of factors B contained in a product (50), i.e.
s := min
Since B n = ½ m we find s ≤ n. LetP denote a product of generators fulfilling P (A 1 , ..., A a , δB) = δ sP (A 1 , ..., A a , B).
Suppose s < n: The center of the group is generated by e 
On the other hand we know that A.4 Lemma. Let n, q ∈ AE\{0} and gcd(n, q) = 1. Then ∃p ∈ {1, ..., n − 1} : (pq) mod n = 1.
Proof. Consider the numbers q mod n, (2q) mod n, ... , [(n − 1)q] mod n.
Suppose
(k 1 q)mod n = (k 2 q)mod n, k 1 , k 2 ∈ {1, ..., n − 1}, k 1 > k 2 .
This implies
∈{1,...,n−2} q] mod n = 0 ⇒ q mod n = 0 ⇒ contradiction to gcd(n, q) = 1.
⇒ The n − 1 numbers q mod n, (2q) mod n, ... , [(n − 1)q] mod n are different elements of {1, ..., n − 1}. ⇒ One of them must be 1.
Proof of theorem III.1. Let b = qc j n k ; j, k ∈ AE; gcd(q, n) = gcd(q, c) = 1.
From lemma A.4 we know that ∃p ∈ {1, ..., n − 1} : (pq) mod n = 1. ⇒ If we want that A 1 , ..., A a , βB can not be written as a direct product with a cyclic group we must impose q = 1, thus
It remains to show that for b = c j n k A 1 , ..., A a , βB can not be written as a direct product with a cyclic group.
Let from now on β := e 2πi/(c j n k ) . Suppose
where Y is a cyclic group. Because of irreducibility Y must be a subgroup of the center C of the group. In the following we will frequently use the fact that X ∩ Y = {½ m } in X × Y .
Let us first consider the case j > 0, k > 1. From theorem III.2 we know that C = e 2πi/c j ½ m , e 2πi/n k−1 ½ m ∼ = Z c j × Z n k−1 .
Since every element of X × Y can be uniquely written as a product of an element of Y and an element of X it follows that ∃ α½ m ∈ Y : αβB ∈ X.
⇒ (αβB) n k−1 = α n k−1 e 2πi/(c j n)
½ m ∈ X.
Since Y ⊂ C ∼ = Z c j × Z n k−1 and α½ m ∈ Y we find that α 
which is a contradiction to "G ∼ = H ⋊ Z n can not be written as a direct product with a cyclic group".
The case j = 0, in a similar way, leads to Y = e 2πi/c ½ m leading to the same contradiction as above.
